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Viscous flow near a corner in three dimensions

By N. TOKUDA
Department of Mathematics, University of Southamptont

(Received 2 April 1971 and in revised form 7 September 1971)

The nature of a three-dimensional viscous flow along a corner near its junction
has been clarified in this paper by constructing a Stokes slow-flow solution.
We have further demonstrated that this Stokes solution can be matched onto
an inertial-flow solution in principle by establishing an overlap domain along
one sector of an inertial-flow region, namely along the flow symmetry line.
This Stokes solution reveals a remarkably complex structure of the flow as
characterized by a separating streamwise velocity profile in addition to a sequence
of Moffatt’s viscous eddies in a cross-flow plane.

1. Introduction

The viscous flow along a right-angle corner formed by the intersection of two
semi-infinite flat plates presents inherently three-dimensional characteristics,
particularly near the corner, owing to the mutual interaction of the boundary
layers from each plate. The flow in this geometry has been investigated by various
authors as a first attempt to understand the general behaviour of a fully three-
dimensional flow near corner junctions.

The first attempt on this subject by Carrier (1947) is incomplete as the stream-
wise vorticity has not been taken into account in his analysis. This was corrected
later by Pearson (1957) and Rubin (1966), both of whom showed that a quite
different cross-flow pattern indeed results with this correction. In particular,
a consistent method of solution to this problem based on the method of matched
asymptotic expansions was first demonstrated by Rubin (1966), who followed
essentially the scheme of solution developed by Stewartson (1961) for flow past
a quarter-infinite plate. In Rubin’s approach the flow is divided into three
regions, namely (1) the potential-flow region, (2) the boundary-layer region and
(3) the corner-layer region, and solutions in each region are assumed to overlap
with solutions in the other two neighbouring flow regions in appropriate inter-
mediate domains (see also figure 1).

Despite the simple geometry involved, the flow in the corner-layer region is
remarkably complex, exhibiting fully three-dimensional characteristics. It can
only be determined by solving three nonlinear elliptic equations simultaneously
satisfying the required asymptotic boundary conditions (see §2 for details).
Carrier (1947), Pearson (1957) and, most recently, Rubin & Grossman (1969)
have all integrated the corner-layer equations numerically using a relaxation
method. In particular Rubin & Grossman followed consistently the asymptotic

1 Present address: 3-6-22, Sekiguchi, Bunkyo-ku, Tokyo.
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Ficure 1. Flow past a right-angle corner and the co-ordinate system. (1) Potential-flow
region, (2) boundary-layer region, (3) corner-layer region, (4) Stokes region.

matching method due to Rubin (1966). The author’s attention was drawn recently
to the experiments on this problem by Zamir & Young (1970) which appeared
towards the end of the present investigation. It is at first very puzzling to find
some considerable differences between the numerical result of Rubin & Grossman
(1969) and the experiments of Zamir & Young, particularly near the corner. The
differences are illustrated in figure 2. Note in particular that a considerably ex-
tended low-shear region exists along the flow symmetry line consistently in all
of the experiments as the isovels have a bulge across it but the numerical solution
exhibits no trace of such a bulge. Various factors seem to contribute to the
complication of the flow there. The purpose of the present investigation is some
elucidation of the nature of flow near the corner intersection region.

The main result presented in the present paper is two-fold. First, we have
constructed a Stokes slow-flow solution for three-dimensional viscous flow near
the corner region which unveils and provides clear insight into the complicated
structure of the flow there. Second, we have established an overlap domain
between the Stokes region and an outer inertial-flow region. Thus we have shown
that the Stokes solution can be matched to an outer inertial flow as in a finite-
body low Reynolds number flow. Up to now no way has been known of matching
if a body involved is infinite in extent as in our problem. Actual constants have
not been determined in this paper, however, because it is too difficult to obtain
any explicit form of a solution in the inertial region owing to the nonlinearity
of the flow. Nevertheless, a possibility for linearization in the inertial region is
also discussed in § 5. The possibility of the matching is in itself important because
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Ficure 2. Streamwise isovels. — — —, experiment, Zamir & Young (1970); — ., numerical

results, Rubin & Grossman (1969).

it now becomes clear how a ‘hitherto isolated’ Stokes flow joins onto an inertial-
flow region comprising the dominant part of the corner-layer region.

First, we formulate the problem in §2 using a new conformal co-ordinate
system. An overlap domain is established in § 3 and the Stokes solution is obtained
in §4. An outer inertial flow is formulated in §5.

2. Formulation

Consider a uniform incompressible viscous fluid flowing along a corner formed
by two perpendicular quarter-infinite flat plates, with an undisturbed flow U
at infinity parallel to the intersection of the two plates. We define Cartesian
co-ordinates (x*,y*,2*) along the plate with the origin at the leading edge and
x* co-ordinate along its intersection (see figure 1 for details). We shall investigate
the flow on a typical characteristic plane x = Ux*[v > 1.

The basic flow structure on this characteristic plane is now well understood
owing largely to an excellent exposition by Rubin (1966). If y/x > 1 and z/x > 1,
the flow there is irrotational and the potential-flow region (1) of figure 1 results.
Here y = Uy*[v and z = Uz*[v. If yJx > 1 with z[,/x fixed or zfx > 1 with y/,/x
fixed, the flow approximates to the two-dimensional Blasius flow and this
region (2) is called the boundary-layer region. If y/Jx and z/Jx are O(1), the
corner-layer region (3) results and there the flow is inherently three-dimensional
owing to the mutual interaction of the boundary layers. The flow in region (3)
is of the boundary-layer type in the sense that the inertial effect is of the same
order as that due to diffusion. We see now that these three flow regions are still
not quite general enough because another singular flow region exists and is in
fact imbedded within region (3). In thisregion Stokes slow-flow motion dominates
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Figure 3. Conformal co-ordinate system.

and this region, with which our present analysis will be mainly concerned, will
be called the inner (Stokes) corner-layer region (4). This inner corner-layer region
results if y/z is fixed as y/\Jz - 0, i.e. y/\/x and z[Jx — 0 simultaneously at the
same speed. From this physical background it is clear that we must seek a solu-
tion for the corner-layer region (3) such that it will join smoothly onto solutions
valid not only in (1) and (2) respectively, but also onto a Stokes solution in (4)
which we shall construct in this paper. Because the Stokes region (4) is a singular
region, much care seems to be required in order to extend the corner-layer
equation by integration into the Stokesregion. It is possible that the disagreement
of Rubin & Grossman’s (1969) numerical solution with the experiment of Zamir &
Young (1970) is partly due to a failure, on the part of the numerical computations,
to account for the proper match with the inner corner-layer solution (4).

In the analysis of the corner-layer flow all the investigators on the subject
(Carrier 1947; Pearson 1957; Rubin 1966, etc.) used Cartesian co-ordinates.
Although the Cartesian co-ordinates have a definite advantage of simplicity, and
also of smooth join into the boundary-layer region (2),t they are not natural
co-ordinates for the problem. One of the simpler sets of natural co-ordinates for
this problem{ can be found using a simple conformal transformation as follows:

Ty =X, Tytirg = (241y)> (2.1)

t The Blasius variable 95 is given as 9z = y/,/z with z[,/z > 1. Hence 7z is obtained
directly from Cartesian co-ordinates on a characteristic surface of x = constant > 1.

I Zamir (1970) suggested another set of natural co-ordinates to this problem: z, = ,
Ty = (y3 —29)}, x5 = yz/(y +2). Zamir’s co-ordinates are too complicated to use, particularly
in transforming the biharmonic equations.
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We note that in this system the line of low symmetry is described by z, = 0 and
the plate wall by ; = 0 everywhere (see figure 3). Far from the corner, as x, - c0,
some stretching of variables is necessary to obtain the Blasius variable (see
equation (2.22) for example).

Cylindrical polar co-ordinates are also useful in this problem although they
are not natural co-ordinates in the sense used above.

E=ux, re?=z+iy. (2.2)

Without exception, existing two-dimensional Stokes-flow solutions near
corners {Carrier & Lin 1948; Moffatt 1964; Lugt & Schwiderski 1964) have been
obtained in polar co-ordinates. It is often true that some flow properties as well
as some algebra required in the analysis are greatly simplified using polar co-
ordinates (see equation (4.11), for example). On the other hand, the use of the
conformal co-ordinates (2.1) is crucial in establishing an overlap domain from
the Stokes to the inertial-flow region as we shall discuss in detail in § 3, and no
way of establishing this using the polar co-ordinates of (2.2) seems to be known.

The complete Navier-Stokes equations can be expressed in terms of the new
orthogonal co-ordinate system of (2.1) following the usual method of orthogonal
vector geometry in which only the diagonal metric tensors remain. In particular,
the formulae given by Lagerstrom (1964, p. 60) are most useful in working out
the details of the present transformation. The final results are

0 (v o (v, 0 1;3)
L2 2.
o, (J*)+3x2 (J*é)-l-@xa (J*é 0 (2.3)
801 " v ov or
Ho,— 1) = — 4 V*2 2,
a +J ( Vs ) axl+V V1 (2.4)
81; v v 8
o3 2+J*é~( T e 333:2) J*%(oczv3 %305 03)
oP 16( ov ovy v
- J* 7 *2, 3 273 2
J*% +V g+ J*(xzax ~ Ty 4), (2.5)
81) o ov 8
ug :+J*i( 5 Ps 33x:) 73 (T8 — %30ss)
oP 16/ ov ovy v
*5__ %29 272 . 772 73 2.
=J +V 3+J*( = xZaxa 4). (2.6)
Here J* = 4224 22), V¥ = —(rf—+.] o +32—) (2.7
3T ox? o ox2

and (v,v,,7;) are the dimensionless velocity components corresponding to
(,, %5, ¥5) Tespectively. We particularly note that J* is independent of the x,
co-ordinate.

Following Rubin (1966), the governing equations in the potential-flow,
boundary-layer and corner-layer regions can be deduced from these Navier—
Stokes equations. We shall merely derive the governing equations for the
corner-layer region from which the equations for a Stokes region also result.
The derivations in the other two regions are similar but will not be given here.
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First, we introduce the following corner-layer variables:
Xy =a, Xy=m/X,, X;j=u/X, (2.8)

The appropriate corner-layer limit is X, and X, fixed as X; - co. A consistent
asymptotic expansion in the corner-layer region can be obtained by applying
the corner-layer limit as follows (see also Rubin 1966):

vy = w(Xy, Xy, Xj) = ug(Xg, Xp) + Xy 0y (X, X) + X7 up( Xy, Xp) +
vy = (X}, Xy, Xp) = X7 y(Xyp, Xp) + X720p( X, Xo) + ..,

vy = w(X;, Xg, X;) = Xy tw (Xg, Xg) + X7 wy(Xy, Xp) +

P = P(X,, X, X3) = Fy(X,, Xp) + XTEP(X,, Xp) + X721 Pp(X,, Xg) +

(2.9)

By substituting (2.9) into (2.3)-(2.7), the leading terms of the expansion for
the corner-layer region can be obtained as follows. For simplicity, we drop the
subseripts from u,, v,, w, and P, hereafter. Now,

ou ou Jd (v Jd (w
—Xzéic“Xsé‘Xg”af(ﬁ) +Jz>tx:(ﬁ) =9 (2.10)
ou ou ou Pu %
+ (v ) =g (LR
“(XzaX +X33X)+J ( ox +“’aX) J(ax2+axg)’ (2.11)

v v v v v
— = —_ oy _
u(2+XzaX2+X3aX)+J ( T +“’aX) J%(X w? — Xy ow)

oP 2 % 16 ow ow v
=Jt — — X =2
J3X2+J(3X§+6X§)+J(X23X Xs77, 4)’ (2.12)
w ow ow 1 ow ow
—u(§—+X267(“+X3'aT)+JZ( X, +w ) %(X v2—Xpvw)
oP Pw  *w 16 ov o w
=J = =
=*ox, J(aX2+aX2) (X3aX ~Xe7x, 4)’ (2.13)

where J = 4(X2+ X2)} and we note that
0B, 2P, _9R _ R,

The continuity equation (2.10) can be satisfied exactly by introducing the two
vector potential functions ¥ and ¢ such that

F=Vxe 77=%xe 5= Xe¥m + Xs¥x,~bx, (2.14)

It is convenient to rewrite (2.11)~(2.13) as follows:
Li(u) = Ny(u,v,w), (2.15)
Ly(¢) = H(Yr) + Ny(u, v, w), (2.16)

in which the velocity field (u,v,w) is related to ¢ and ¢ by (2.14). L, and L,
are harmonic and biharmonic operators and in the present co-ordinate system

are given by Ly =JV% Ly =JVYJV?), (2.17), (2.18)
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where V2 = 02/0X3+¢2[0X% and J = 4(X3+ X3)3. N, is the operator involving
the nonlinear convective terms, namely those on the left-hand side of (2.11);
(2.16) is obtained from (2.12) and (2.13) by eliminating pressure by cross-
differentiation. H is a fourth-order operator like the biharmonic operator L, of
(2.16) and arises through the interaction of ¥ in the w velocity component
(see (2.14), for example):

7 6 d
10 = I 35 [ Ko Kotim, + Xotrx) ~ Ko g i+ X))

4X X
Ja_i(“[( zsﬁx,j 3’ﬁxa)_J%Vz{Ji(Xzz/fXZ-{-Xa;b'Xa)}]. (2.19)

N, is similar to N of (2.15) and involves the nonlinear convective terms. It can
be formally obtained by cross-differentiating (2.12) and (2.13) and taking their
differences.

The appropriate boundary conditions are

¢ = 3¢ =y = 6;&' =0, at X;=0forall X,; (2.20)
(P, 9) > (qSP, ¥p) as X, oo with X, fixed, (2.21)
(D, ¥) > (b, ¥p) as X, oo with X;/X, fixed,} (2.22)

where (¢p, ¥p) and (¢g, ¥5) are the velocity components in the potential-flow
and boundary-layer regions respectively (see Pal & Rubin (1969) for a detailed
asymptotic analysis). For the complete specification of the boundary conditions
for this elliptic problem one needs another condition along X, = 0 for any X,.
This can in principle be satisfied by the flow symmetry condition. Obviously «
and w are symmetric in X, and v is anti-symmetric in X,:

w( Xy, X3) = u(— Xy, Xy),

(X, X;5) = —v(—X,, X3),

w(X,, X;) = w(—X,, X3).
In terms of the vector potential functions ¢ and i, this symmetry condition
RGUFS Xy Xp) = Y(~Xp Xl $(Xp Xp) = —$(~Xp Ko (228)

In principle, (2.15)~(2.23) are sufficient to determine a complete flow in the
corner-layer region. When the flow in the corner-layer region as fully described
above is examined closely, it becomes quite clear that two distinct flow regions,
namely an inner Stokes-flow domain and an outer inertial-flow domain, co-exist
in the corner-layer region. In the Stokes approximation, which is valid sufficiently
close to the sharp corner, the diffusion dominates the convection. Therefore, the
problem may be linearized here. Away from the corner, we enter an inertial-flow
region in which the effects of diffusion and convection are of the same order.

+ This restretching is necessary if the present co-ordinate system is to asymptote to
the Blasius-type boundary-layer region appropriately. This is similar to the derivation of
the Blastus variable for flow past a semi-infinite flat plate in Cartesian co-ordinates.
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In §3, we demonstrate consistent inner and outer limiting processes which pro-
vide a Stokes and an inertial-flow expansion, as described above, from the corner-
layer equations (2.15) and (2.16) (see equations (3.1) and (3.2) for details). Most
important, an overlap domain between the inner Stokes flow and the outer
inertial-flow domains will be demonstrated. All of the previous works on the
subject (Carrier 1947; Pearson 1957; Rubin 1966; Rubin & Grossman 1969)
have emphasized the inertial-flow domain and little attention has been paid to
the singular Stokes domain.

3. Inner and outer limit and overlap domain

A consistent inner expansion, a solution of which reduces to that of Stokes
slow-flow motion, can be constructed formally by introducing the following inner

variables: Y = X,/X, fixedas X, 0. (3.1)

In this inner limit we note that X, — 0 since the inner variable Y remains fixed.
An inner Stokes solution obtained by this limiting process shows that the diffusion
dominates the convection, allowing the inner expansion in the form of (4.1) or
(4.2) (see §4). If we keep X, fixed as X, — 0, the inner variable ¥ — co. This
suggests that another distinet flow region exists under such a limiting process.
We should, therefore, now introduce the following outer variables in the domain

where ¥ — co: 7 =X, fixedas X,—0. (3-2)

This limit is called an outer limit and it is easy to confirm that the inertial
term and the diffusion term obtained in this limiting process balance in this
domain. (See equation (5.5) of § 5 for further clarification of this point.) Because
the inertial-flow region in fact extends into the corner-flow region for any finite
X, and X,, (3.2) describes only one sector of the complete inertial-flow region,
namely that along the flow symmetry line. We shall now prove that an inner
Stokes solution obtained by the limiting process of (3.1) and an outer inertial
flow solution can be matched along this particular sector near the flow symmetry
line of the inertial region as described by (3.2).

To prove this, we first introduce the following intermediate limit:

Y, = X /X% fixedas X, 0 (3.3)

with 0 < & < 1. By comparing (3.1) and (3.3) and introducing them into (2.15)
and (2.16), we can easily confirm in both (3.1) and (3.3) that

L;»> N, for 1=1,2.

This implies, in both the Stokes and intermediate limits, that the diffusion effect
dominates the inertial effect. Unlike the finite-body analysis of, say, Proudman &
Pearson (1957), in which a small parameter exists, the inner and intermediate
problems of (3.1) and (3.3) do not reduce to the same problem because a small
co-ordinate X, rather than a parameter is used in the stretching. It is not
difficult to see, however, that an intermediate problem can be deduced from an
inner problem by considering the limit of ¥ — o0 in the inner limit. This means
that the inner Stokes solution is the more general solution of the two and overlaps
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with an intermediate solution over the complete domain defined by 0 < « < 1.
By now comparing (3.2) and (3.3), we see that an overlap domain exists between
the outer inertial region and the intermediate region, hence the inner Stokes
region can be established provided that the validity of the outer solution can
be shown to extend even slightly towards the inner region. This extension of the
validity of an outer solution is assured by Kaplun’s extension theorem, which
can be directly applied to this problem (see Kaplun 1967, p. 97). We have thus
proved that an overlap domain exists between the inner Stokes solution and the
inertial-flow solution along X, — 0. This proves that an inner Stokes solution
and an inertial solution can be matched along X, - 0 in this problem. In the
present analysis, we merely follow a conventional general matching principle,
namely

The outer representation of the inner expansion (as ¥ — o0)

= the inner representation of the outer expansion (as 7 — 0). (3.4)

One of the great advantages in using the present conformal co-ordinate
system is that one can thus define the inner and outer limit and carry out the
conventional mateching procedure of the asymptotic expansions most systemati-
cally. As a check, one can construct an inner Stokes expansion using other co-
ordinate systems. The most well-known one is the polar co-ordinate system used
by Carrier & Lin (1948) and others for two-dimensional flows. The corresponding
inner limit to (3.1) will then be

6 fixedas r—0, (3.5)

where r, § are polar co-ordinates. In this approach, we have no means of de-
termining how an inner solution constructed by the limiting process of (3.5)
can join onto an outer flow as we have clearly demonstrated in (3.1)—(3.4).
Our preceding discussion shows that an inner Stokes solution can be matched onto
an outer inertial solution in the following region in polar co-ordinates:

r finiteas 60— 0. (3.6)

If we are to stick with polar co-ordinates in the analysis, it is not at all clear that
an inner solution of (3.5) and an outer solution of (3.6) will ever match. I't is owing
to the difficulty of establishing an overlap domain in polar co-ordinates that no
progress has been made in the analysis beyond the construction of an inner Stokes
golution. We are now certain that an inner Stokes solution matches with an
inertial-flow solution in the overlap domaint of (3.2) or (3.6). A difficulty in
determining all the constants of a Stokes-flow solution remains here, however,
because it seems too difficult to obtain an explicit analytic solution for the outer
inertial-flow region. A complete numerical integration in the inertial-flow region
seems necessary, with the outer form of a Stokes solution providing the boundary
conditions on X, = 0. We give further detailed discussion on this point in §5.
We shall now present an inner Stokes solution.

1 A similar situation arises in viscous flow near the leading edge of a semi-infinite flat
plate or, for that matter, in any two-dimensional visecous flow near corners past a semi-

infinite body. I have already given a detailed explanation in the former leading-edge flow
why an overlap domain may not be established using polar co-ordinates (Tokuda 1972).
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4. Inner Stokes-flow solution

An inner Stokes expansion can be obtained from the corner-layer equations
(2.15) and (2.16) by repeated applications of the inner limit of (3.1). Despite the
enormously complicated form of governing equations (2.15) and (2.16), a re-
markably simple scheme of solutions emerges by this inner limiting process. We
shall show that a self-consistent inner Stokes solution for i and ¢ can be given
by the following asymptotic expansions:

P Xy Y) ~ Y+ g+ Yo+
~ X, 04 T) + X310 X, Cag( ¥) + X3Gay(¥)+ ..., (4.1)

(X3, Y) ~ Poo+ P, + Pao+ Par + -+
~ X%KZO(Y)+X§1K,\1(Y)+X§lnX2K3O(Y)+XgK31(Y)+ ey (4.2)
all with Y fixed as X, — 0. A, is a complex number given by Moffatt (1964) as
Ay = 2-904 + 0-7322i.

From the computational point of view, the streamwise velocity « is often more
convenient than ¢ in this problem because u is governed by harmonic operators
in the inner region as we shall soon see. Because ¢ and u are related by (2.14)
the inner expansion for « is given as

(X, ¥) ~ g+ gy +Ugg + ...

~ X, F(Y)+ X3In X, Fyo( V) + X3 Fy(Y) + ..., (4.3)
. _ 1 _F(Y)
with Gp(Y) _Zf(1+ YZ)ﬁdY'

Appropriate boundary conditions which one can specify for the inner Stokes
solution are the no-slip flow condition of (2.20) and the flow symmetry condition
of (2.23). Boundary conditions in a far field, namely (2.21) and, (2.22), cannot be
enforced in this Stokes solution and must be replaced by the matching condition
(3.4) to the outer inertial-flow solution.

The basic scheme of solution in the inner Stokes flow becomes evident by
substituting the expansion of (4.1)—(4.3) into (2.15) and (2.16). First, we note
that the nonlinear terms N, and N, of (4.1) and (4.2) are of higher orderst{ than
those of harmonic or biharmonic terms on the left-hand side of those equations.
Therefore, the streamwise velocity « is basically governed by harmonic equations
and the cross-flow component ¢ by biharmonic equations.

4.1. First-order streamwise flow solution u, and yr,
By substituting (4.3) into (2.15), we see that F; must satisfy

(1+ Y2)F = 0. (4.4)

t For example, NV, is definitely of higher order than L,(u) unless v, w are of O(X; 4,
This obviously cannot be true in the present situation because, if it were so, one would be
able to find a biharmonic solution V4¢ = 0 in the form ¢ = X}G(Y), and Moffatt (1964)
shows that this is not possible.
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A solution which satisfies the required boundary conditions is
=4,Y or u,=4,X,7Y. (4.5)
In an outer variable, this gives , = 4, X,. Hence
G =14,[(1+ Y3 —1]sgnY or ¥, =314, X,[(1+ Y%t —1}sgn¥, (4.6)

where 4, is an arbitrary constant.

4.2. First-order cross-flow solution ¢,

Now ¥, of (4.6) introduces a non-homogeneous term into the cross-flow equation
(2.18) through the first term of the right-hand side, H(yr,). Substituting ¥, into
(2.19), we find that

H(yr)) = —44,sgnY. (4.7)
Therefore, we must expect a term of O(X%) in the cross-flow component ¢ as
follows. We write ¢y = XEK,(Y)sgn?, (4.8)

then K, must satisfy
(14+ Y2 KF +4Y(1+ Y22 KV + (1+ Y?) K5 —2Y K, +2K, = —}A4,. (4.9)

A solution for K, which satisfies the boundary condition (2.20) and the flow
symmetry condition (2.23) is

K,=}A4,[1+ Y2 -1). (4.10a)
Hence ¢y = 34, X3(1+ Y —1]sgn Y; (4.100)
@, gives the cross-flow components
v =3A, XEY/(1+ Y2t and w, =14, X} V(14 Vo)L

It is worthwhile noting that in eylindrical polar co-ordinates the first-order
velocity of (4.5) and (4.10) above represents a much simpler radial flow field
given by Uy = Ayr2sin20, v, = 1A4,r3sin 20, v, = 0; (4.11)
v, and v, denote the velocity component in the r and & directions respectively.
In polar co-ordinates only the radial component v, exists in the cross flow.
Physically this v, is merely the outflow necessary to balance the variation of %
along the main-stream direction.

4.3. ‘Viscous-eddy’ cross-flow solution K, or ¢,

Using N, of (2.16) and ¢, above, it is found that the nonlinear effect in this
problem starts to appear at O(X3) or O(7%). One of the most interesting results
in the present three-dimensional corner-flow problem is the appearance of viscous
eddies in the cross-flow plane preceding this nonlinear effect. It was Moffatt
(1964) who first correctly noted and interpreted the appearance of viscous eddies
consisting of a sequence of eddies of rapidly decreasing size and intensity near a
sharp two-dimensional corner if its angle is less than about 156° for symmetrical
flows.

Write ¢, = X3 K, (Y), (4.12)
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then, assuming that Re {A;} < 3-0, ¢, must satisfy the homogeneous biharmonic
equations: L2(¢/\1) ~0, (4.13)

where L, is a biharmonic operator given in (2.18). The equation for ¢, reduces
exactly to a Stokes solution for a corner in two dimensions. Because the corner
angle 2a of the present problem is 90° and is less than a critical angle 156°,
a viscous-eddy solution of Moffatt’s type must arise in this flow. Biharmonie
solutions to (4.13) can in principle be obtained by the present conformal co-
ordinates. The process of finding eigenvalues for the exponent becomes very
tedious in this co-ordinate, however, because a pair of fourth-order differential
equations must be solved simultaneously such that the flow symmetry condition
results for ¥ — co0. In polar co-ordinates, these complex eigenvalues can be found
by merely solving a simple transcendental equation. In terms of the polar
co-ordinates, Moffatt (1964) shows the leading term for 2o = 90° for symmetrical

flow is Pa, = r#1(B,sin A, 0+ Cy sin (A, — 2) 6), (4.14)
where 22, = k; + ik, with «, = 5-80825, k, = 1-4639 and B, and | some arbitrary
constants. r and 4 are related to the present inner variables ¥ and X, by
r=X31+ 72, 20 =tan11/7. (4.15)
Equation (4.14) can always be rewritten as (Moffatt 1964)
P, = A rtasin (k;In7 +¢), (4.16)

€ and 4, being functions of 4. Equation (4.16) shows clearly how viscous eddies
must result as » — 0. The outer limit of (4.14) in the present limit of (3.2) can be
obtained by choosing § — 0. Accordingly, the outer representation of ¢, is

B2, = 3Dy 7HDsin (k5107 + ) + O(%), (4.17)
where

Di = (B, +C1)* (k1 +«3) — 40,y (B; + (1) +4CF  and ¢y = cos™2 (B, +C}) ky/Dy).

Equation (4.17) is an outer form of the leading term of the viscous-eddy solution.

4.4. Second-order streamwise flow u, and ¥,

Intuition suggests that the next term of the streamwise velocity u, is O(X3), but
the outer expansion of the inner solution #,, namely X fixed as X, — 0, de-
velops a discontinuity along the line of flow symmetry X, = 0. (See equation
(4.25) for clarification of this point.) This cannot be physically accepted. A
correct solution must be preceded by a logarithmic term as is so often the case
with singular perturbation problems. We therefore write

u=X, F(Y)+ X X, F(Y)+ X3 F (Y ) +...; (4.18)
Fy, must satisfy (1+ Y2 F3o—4YFjy+ 6F,, = 0. (4.19)
A solution for Fy, is Iy = A(Y - 173, (4.20)

where A4j, is an arbitrary constant which must be chosen such that a discon-
tinuity of velocity will disappear, as we demonstrate later.
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F;, must now satisfy
(1+ Y% Fg —4YF;+6F, = —A,(3Y3+3Y)—sgn(Y) A2 Y2/8(1+ Y2)i. (4.21)

We note that sgn (Y) in the last term is necessary because the absolute value
is always understood for the Jacobian J. Note that in terms of the inner variable
J becomes

J = 4(X2+ X2)} = 4sgn (X,) x Xo(1+ Y2)¥ = 4X,sgn (¥) (1+ Y2)i.

We now write Fy = Fp + Fp + Fy, (4.22)
_ Az _ ¥

L(Fp) = 8 (13 792" ny, (4.23)

L(sz) = —Aao(%ya+3Y), (4.24)

where L = (1+ Y2)d?*/dY2—4Y d[dY + 6 and F,, is a complementary solution.
Two independent complementary funetions to L(F) = 0 are (Y —3Y3) and
(1—3Y%); Fp and Fp, can then be obtained by the method of varlatlon of
parameters. The final results are
Fp, = 5i5A3sgn (Y)[(1+ Y2 (2-7Y2%) - 2(1-3Y?))], (4.25)
Fp = Ag[(1—3Y2)tan-1 ¥ +}(83Y — Y*)In (1 + Y2+ 1Y (¥2-3)].  (4.26)
We immediately note that the outer form of the inner solution with Fp, alone

(that is, without the preceding logarithmic term) contains a discontinuity across
X, = 0 with X finite as
Fp ~ —13541+0(X;) at X, = 0%,

~ A3 +0(X,) at X, =0

Such a discontinuity cannot be allowed in the solution. However, this can be
avoided and hence the present asymptotic expansion can be continued without
failure if we include the logarithmic term and choose the constant 4,4, as

Agy = A2[30m. (4.27)
A complete solution for Fy, is therefore
Fyy = A(Y —3Y3) + 5143 sgn (Y) {(1+ Y22 (2-7Y?) -2 (1—3Y2)}
+(6/m) {3(1-3Y2)tan"1 Y + }(8Y — Y3)In (1 + Y2) +1(Y*-3Y)}], (4.28)

where A,, is an arbitrary constant. For ¥ <€ 1 and Y » 1, Fj; has the following
expansions:

V&
F31 ~ A31 Y—“g‘ (Aa

A3\ A3VE A3

1+T6_7;)—W—3607TY +... for Y<< 1, (4.29)
3 3 2 2

F31~_YlnY Y{ A, A2 (__21)} AIYlnY

Br T3\ 307

A2 (16 3 A2 (1 1\ 1 1
+Y{A31 360( +2)}—E(7—T—§)?+0(-I—,3) for Y>» 1. (4.30)
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4.5. Second-order cross-flow solution ¢y, ¢y

The second-order streamwise flow r;, and ¥, again induces essentially through
the continuity equation the cross-flow velocity, because then H(y/5,) and H(yg,)
do not vanish. In addition, the nonlinear term N, starts to have an effect in this
problem. Therefore we write

¢ =X2K (Y)+ X3 K, (Y)+ X3In X, Kpo( V) + X3 Kgy(Y) +....  (4.31)
K, and K, must now satisfy the following non-homogeneous equations:
Ly(Kyp) = Cyp, (4.32)
Ly(Ky) = Cyy, (4.33)
d* d? d
where Ly=(1+ YZ)dY‘* (1+Y2)de 6YE—I—’+18 (4.34)

a.nd Cy, and C,; are non-homogeneous terms. The Cy, term arises from H(ir,o) and

N, of (2.16). The contribution to Cy, arises from the terms H (3, +¥3,), N, and
also K,,. Neither C,, nor Cy, seem to vanish but evaluation of these terms
has not been done in the present paper as the algebra seems too tedious, owing
partly to the complicated form of ¥, and also the operator H (see equation (2.19)).

The present scheme of solution can in principle be continued to higher-order
expansions. The next term of the inner solution for the stream-wise velocity
field does arise from the viscous-eddy cross-flow solution ¢, . The expansion,
therefore, looks like

u =X, F(Y)+ X3 In X, F(¥) + X3 By (V) + X394 F) (V) +....  (4.35)

We now examine the outer form of the inner Stokes solution so that we can
match our inner solution to the complete corner-layer equations (2.15)-(2.23).

5. Outer inertial-flow solution
As we have already discussed in § 3, the appropriate outer limit in this problem

18 n=X, fixedas X,—>0. (5.1)

The inner Stokes solution we have constructed in §4 shows that it has the
following outer representation in terms of the outer variable given in (5.1):

u ~ fo(n)+ X3 fo(m) + X3 fam) + ..., (3.2)
¢ ~ X,{3A4, 7+ 31D, p¥*Vsin (kyIn g +€5) + ...} + O(X3), (5.3)
where for 9 € 1
f A+ {— Az +5i5d34[m—-21)} 33+ ...,
~ {4y —35d43(18/m+3))m + ..., (5.4)

f4 ~—zediQfm—H1fp+...,

€, being a constant, «; = 5:8082 and «, = 1-4639. The expression for ¥ can be
deduced from (5.2) by using (4.3). Now from the form of solutions given in (5.2)
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and (5.3) we can easily confirm that the convective term and the diffusion term
of (2.15) and (2.16) are of the same order in this outer limit:

Ly(uy) = O{Ny(u,v,w)} for 7fixedas X,—>0 i=1,2 (5.5)

This relation is certainly true for 4 and X, fixed, namely within the whole corner-
layer region. This confirms our previous statement that any point on X, =0
with finite X, that is, along the low symmetry line, must also belong to the
outer inertial-flow region.

A correct solution for the complete corner-layer problem in (2.15)—(2.23) must
reduce to the present form of solution (5.2) and (5.3) for X, small as X, — 0, the
inner form of the solution in turn having already satisfied the Stokes slow-flow
solution. Any corner-layer solution which does not reduce to the present form
(5.2) and (5.3) in the limit of (5.1) is incorrect. We show, for example, in the
appendix that Zamir’s (1970) corner-layer solution on the plane X, = 0 does
not reduce to the present form and hence is not a correct solution here.

The form of the expansion in (5.2) and (5.3) seems to suggest at first that a
complete corner-layer solution can also be constructed in a power-series form;
this is of course a familiar technique in the ‘parabolic’ boundary-layer theory.
However, we encounter a difficulty immediately because the governing equations
here are elliptic. f,, f,, ... cannot be fully determined because, in determining f,,,
the equation for f;, involves the next term of the expansion f,, unknown at this
stage, and so forth. Van Dyke (1966) and his associates have developed a method
of series truncation to deal with the difficulty of the present situation. If we
adopt this method, the first approximation to f;, obtained by neglecting the
effect of f,, can be fully determined and, in fact, reduces to Zamir’s (1970)
problem (see appendix for details of Zamir’s problem). However, Zamir’s solution
has the wrong form in the present outer limit of (5.1). All this suggests that great
care seems to be necessary in applying the series-truncation method as the
starting solution itself has a wrong form which must evidently be corrected as
higher order effects such as f,, ... are taken into account.

Besides a modified Oseen method which is explained later in the section, the
series-truncation method, which, as we have just discussed, is mathematically
of doubtful nature, seems to be the only analytical method available to attack
the complete corner-layer problem, namely the problem for all finite values of
X, and X,. The numerical method of Rubin & Grossman (1969), which involves
the Gaus—Seidel method of integration, seems to be the best procedure.

Now, besides the boundary conditions of (2.20), (2.21) and (2.22), the corner-
layer solution must satisfy the form of solution given by (5.2) and (5.3) as X, — 0:

(w0, w)g ~> (w,0,w)g ¢ Wwith X, fixed small as X, - 0, (5.6)

where (4,7, w), g means the outer representation of the Stokes solution given by
(5.2) and (5.3). In fact the addition of (5.5) to (2.20)-(2.22) as the boundary
conditions implies that the boundary conditions along the four complete corners
of the problem, namely X, = 0, X; > o0, X, = 0, X, - c0 are specified, which
is consistent with the elliptic equations. In this way, we now see that the
solution for the singular Stokes flow region is now fully satisfied and it seems
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that a regular numerical integration with uniform step size can now be applied
over the whole domain of interest.

A question arises as to why the present outer expansion does not lead to
a linearized equation as in the outer Oseen expansion for a finite-body analysis
of, say, Proudman & Pearson (1957). An important difference can be traced to
the geometry of the boundaries, which do not provide a length scale in this
problem. The linearization of the problem from a uniform stream has no physical
meaning as an approximation for low Reynolds numbers because, unlike a
finite-body problem, disturbances from the body do not vanish in the outer limit.
This point has been discussed by Lagerstrom (1964, p. 90). An identical situation
arises in viscous flow past a semi-infinite flat plate when the Stokes solution
near the leading edge is to be joined onto an outer inertial-flow solution. A
meaningful linearization from the uniform flow in this inertial region may still
be possible even with such problems if correctly approached. In studying a flat-
plate problem of the above form Yoshizawa (private communication) has shown
that two leading undetermined constants in a Stokes solution can be determined
by matching with the modified Oseen solution of Lewis & Carrier (1949), with
surprisingly good agreement with the existing numerical solution. A crucial
factor is that the matching is carried out along the flow symmetry line as in this
problem. The full significance of Yoshizawa’s findings will be discussed in detail
in Tokuda (1972). Despite the three-dimensionality of the flow, the present
problem is remarkably similar to the flat-plate problem in flow structure and
this approach will also be pursued in a future study.

6. Results and discussion

In the present paper we have constructed a singular Stokes-flow solution in
the inner corner domain of the corner-layer region. An inner Stokes solution is
obtained by successively applying the inner limit of X;/X, finite as X, — 0 (see
equation (3.1)) and its outer expansion is obtained by applying the outer limit
of X, finite as X, — 0 (see equation (3.2)). This outer form of the inner solution
provides an appropriate asymptotic form of the solution which the complete
corner-layer solution must satisfy as X, — 0 as well as equations (2.20)—(2.23). As
far as the author is aware, no other singular flow region exists in the whole domain
of X, and X, finite. Despite the simple geometry involved in the problem, the
present flow seems to have a very complicated flow structure as characterized by
a separating flow profile and the appearance of viscous eddies near the corner,
as discussed further below.

The inner Stokes solution shows that the skin-friction coefficient based on

the streamwise velocity » is given by
7

% = 24,2+ (243/15m)25Inz +445,25+.... (6.1)

y=0

For the purpose of comparison with the experiments of Zamir & Young (1970)
and also Rubin & Grossman (1969), the distance measured in the original
Cartesian co-ordinate system is used in (6.1). Zamir & Young’s experiments and
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Figure 4. Maskell’s model for three-dimensional flow separation.

Rubin & Grossman’s numerical results all confirm that the skin friction is of
linearly vanishing type nearz = Q or X, = 0, asin (6.1). Therefore 4, 4 0. Hence
the F term does not vanish and consequently the logarithmic term of O(X31In X,)
must intervene in the second approximation for the streamwise velocity. The
appearance of a separating velocity profile is always a warning for a possible
singular flow behaviour at such a point. The present asymptotic solution is valid
only far downstream as X, — oo. Therefore in practice a flow separation would
not take place. Interesting information may still be obtained on the separation
flow pattern of this configuration from the dominant term of the present solution
(4.11), supposing that such a separation is induced at point 8 of figure 4 by some
mechanism, say by a slight adverse pressure gradient. It may be confirmed from
(4.11) that the point S is an only singular point involved in the flow field. There-
fore, according to Maskell’s (1955) classification, the separated flow pattern would
take on a separation bubble form as illustrated in figure 4. The How near X, = 0,
which is obviously singular, seems to require careful analysis for this reason.

In the cross-flow plane, the leading term of the Stokes solution is a simple
radial flow distribution which arises from ¢, term. A most interesting result
which our analysis has unveiled is the appearance of a sequence of viscous eddies
in the cross flow. This will dominate the terms of O(X3In X,) and O(X3%), which
are induced partly by the second-order streamwise flow u, and partly by the
nonlinear effects of the problem. In the inertial-flow region the viscous-eddy
solution has the form given in (4.17) (see also equation (5.3)). The numerical
solution of Rubin & Grossman (1969), which is intended for the analysis in an
inertial-region, does not show viscous eddies in the inner corner-layer region
although it does show some tendency for closed vortical patterns right in the
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corner. The experimental evidence of Zamir & Young (1970) is not decisive on
this point. In examining their visualization picture of gas traces near the corner
junction, we see that those traces near the intersection always tend to blur
more widely than those away from it. To the present author, this seems to imply
that gas near the corner is trapped in one of several small eddies, thus demon-
strating the existence of the eddies. Because this Stokes region in which such an
eddy solution appears is a singular region inbedded within the corner-layer region,
much care seems to be required to reconstruct an eddy solution by numerical
integration. Indeed Burggraf (1966) has reconstructed a viscous-eddy solu-
tion for a two-dimensional square cavity flow consistently up to Reynolds
numbers of 1000 with a carefully calculated numerical solution. A Reynolds
number of this problem based on a typical velocity in the cross-flow is obviously
of O(1) although that based on a streamwise velocity is large. Therefore, as far
as the cross-flow is concerned, Burggraf’s numerical solution seems to provide
interesting insight to our problem. In all probability, a viscous-eddy flow exists.
Another interesting result from Burggraf’s solution is that an almost inviscid
flow region exists at the centre of the cavity within an inertial-flow region, with
the boundary-layer type regions appearing near the cavity wall. This shows that
in this problem an almost inviscid-flow region with low shear flow region exists,
particularly along the flow symmetry line with the boundary-layer type viscous
effect concentrated either near the free surface or away from the symmetry
line. Zamir & Young (1970) have observed exactly this flow pattern in their
experiments. The bulge in the isovels which they observed across the flow sym-
metry line implies that a low shear flow region there is surrounded by a high
shear region. Because of the singularity involved near a sharp corner, a finite-
difference method will never probe the flow field fully. A mathematical representa-
tion such as the present asymptotic analysis is vital if an adequate operational
procedure for solution is to be given (see Motz 1946).

The author is most grateful to Dr J.R.A.Pearson, who made many con-
structive criticisms on the first draft of the paper. The work reported here has
been supported by a grant from the Science Research Council and was suggested
by Professor K. W. Mangler, with whom useful discussions were held. The author
also had useful discussions with Professor Gi. M. Lilley, Professor J. W.Craggs
and Professor K. Stewartson.

Appendix. Zamir’s (1970) solution on X, = 0

In studying the present corner-layer solution valid on the surface of the flow
symmetry X, = 0, Zamir (1970) has noted a similarity solution and deduced the
following ordinary differential equation by assuming that the boundary-layer
type approximations are valid across this plane, namely 0*u/0X% < 0%uf0X3.t

We have ﬂs(f(l)” _fof(l)/) + 277%(f0f(,) — 2f(’)’) + 2770(4f(’) —f%) - Sfo =0, (A 1)

t This approximation actually corresponds to the first approximation of the series-
truncation method in which the effect of f, on f, is ignored.
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where 7, = X $ and u and w are related to Jo by the continuity equation:
w=fo—2folt, w=3Xrfi~f), with v=0 on X,=0.

For 5, < 1, a solution which satisfies the wall condition can be developed as

3 31
~ 4 9 2,14
fo “(’7°+7.5.4“’7"+13.52.42.7“ o +)
where a is an arbitrary constant. The streamwise velocity on X, = 0 is therefore

u~a(2X§+-5i%X§+...). (A 2)

If the leading term X§ is to be a correct solution, one must be able to find the
harmonic solution in the inner Stokes region in the present inner limit. Therefore
we write as the leading term of the inner streamwise velocity «

uy = X}R(Y),
where (1+ YY) F{—YF;+4F, =0. (A 3)

A general solution of (A 3) can be written down by the contour integration as

(S :
., = df for 7=1,2, A4
1 fC’; 1+ gz § ( )
where C; is such that ({—2)|g, = 0.

Two independent solutions are obtained if C, includes ¢ and C, —¢ within the
contours. From this, we can deduce the correct solution satisfying the no-slip
condition on the wall and also the flow symmetry condition is

F,=A,(1+ Y?®isin {3 tan1|Y|}. (A 5)

The absolute sign in tan—1 | Y| is necessary to ensure the flow symmetry. Although
(A 5) provides the leading term of the expansion Xi% in the outer representation,
the derivatives of further terms show a discontinuity across the line X, = 0.
We must conclude, therefore, that (A 1) is not a correct equation for the corner-
layer flow on X, = 0. In fact we have shown in § 5 that 92u/0.X} must be retained
even on the plane X, = 0. In that case no similarity solution such as that noted
by Zamir (1970) could be found. This confirms that the corner-layer solution
must be consistent with the inner Stokes solution in the overlap domain of X,
finite as X, - 0.
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